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Abstract 

We show that the VT symmetric Hamihonians (and their generahzations H = 
defined in the text) may be all assigned the projected (so called Feshbach or effective) 
nonlinear Hamiltonians which are "locally" Hermitian. This implies that many (if 
not all) of the bound-state energies may be real in a broad domain of Hermiticity- 
violating interactions. A complexification of a superintegrable D = 2 example is 
conjectured as an illustration. 
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1 Introduction 



Evolution of bound states in quantum mechanics is mediated (or generated) by their 
Hamihonian, {ipit)) = exp{—iHt) \iIj{0)). In the models with Hermitian H = W 
the availability of solutions of the time-independent Schrodinger equation 

H\i,n) =En\i^n), n = 0, 1, . . . (1) 

simplifies this rule since all the eigenvalues remain real and the time-dependence 
of the separate eigenstates becomes elementary, 

|^n(t)) = e-^^"*|V^„(0)) . (2) 

A puzzling situation is encountered when the real energies are derived from a 
non-Hermitian Hamiltonian H ^ H^^ . Recently, Bender et al conjectured that 
many models of such a type exist and are characterized by a "weaker analogue" 
of Hermiticity, H = H^. For the sake of definitness they restricted their attention 
to a small class of the complex one-dimensional models and performed a number 
of numerical and semi-classical calculations showing that the spectra {En} of their 
non-Hermitian H = = + x'^^ {ixY with e > are real, discrete and bounded 
below. Generalizing this example they conjectured the definition 

H^ = VTHVT (3) 

of the required "weaker Hermiticity". The operator V is defined as changing the 
parity, V x = —x, while T mimics the time reversal, T i = —i. Our present remark 
is inspired by the comparatively narrow range of the existing applications of the 
definition (§) which are mainly single-particle or one-dimensional (cf. 

In a preparatory step we shall clarify an algebraic background of the apparently 
unmotivated assumption (section 2). In the main body of this paper (sections 
3 and 4) we shall propose a more general definition of the weakened Hermiticity 
H = H^. An applicability of the scheme is illustrated on a complexification of an 
elementary two-dimensional superintegrable example of ref. 0. 

Our definition extends the VT symmetric class of non-Hermitian Hamiltoni- 
ans supporting the real spectra and generating the oscillatory, unitary-like time- 
dependence (^ of bound states in quantum mechanics. In section 5 we shall argue 
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that the generahzed scheme (with the parity replaced by a more general operator Q) 
remains mathematically self consistent. It admits many physical interpretations of 
the operator Q which plays the role of an indefinite metric in our Hilbert (or rather 
Krein or Pontrjagin) space of admissible wavefunctions H, p!0| . 

2 Explanation 

The VT symmetric Hamiltonians H = VT HVT (with V'^ = 1 and = 1) which 
possess a real-energy solution of eq. (|I]) resemble their Hermitian analogues in 
several aspects. They may be split in the real and imaginary part, H = S + iA 
and, since VHV = THT hy assumption, we have V SV = S, V AV = —A. Each 
wavefunction {ipn) may be complemented by another eigenstate VT {ipn) at the same 
(real) energy En. In the generic non-degenerate case this means that among the two 
linearly dependent superposition solutions ±\ipn) + VT \'ipn) = of eq. (|I|), we 

are free to pick up one with the even or odd PT— parity. In what follows we shall 
assume that the latter generalized parity has been fixed as positive which means that 
we can write 

li^n) = Wn) +i\Tn), P | cr„) = | cr„) , P|r„) = -|r„). 

In any (e.g., harmonic-oscillator) basis {l?^^"'')} numbered by the integers n = 0, 1, . . . 
and by the even and odd parity a = ±1 we can expand 

oo oo 

Wn) = l'^^^^) ^k, \Tn) = 

k=0 n=0 

and re-write our Schrodinger equation (|^) in the linear algebraic form 

oo oo 

fc=0 3=0 

oo oo 

Y (m(-)|^|A;(-)) t, + Y s, = Et^ 

k=0 j=0 

with m = 0, 1, . . .. Switching to a compactified notation 

oo oo 

Y^ ^mk ~Y^ ~ E Sjn, 

k=Q j=0 
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^Lk ^fc + X! ^rnj — E tm 
k=0 j=0 

and to its further matrix (non-Hermitian) abbreviation 

F-EI -A \ f s\ 

we eliminate t = — [G — E A^s and get the reduced Schrodinger equation with 



the so called Feshbach or effective energy-dependent Hamiltonian [11 



H,ff{E)s = Es, HeffiE) = F + A{G-EI)''AK (5) 

We can formulate our first important conclusion: The reality of the spectrum of many 
VT symmetric Hamiltonians is the consequence of an elementary observation that 
their Feshbach's effective Hamiltonian Hf.ff{E) in eq. can be approximated by its 
energy- independent forms Hf.ff{g). All of these effective Hamiltonians are Hermitian 
and possess the real spectra {En{g)}- The exact energy levels are obtained from them 
via the nonlinear selfconsistency condition 

g = gn = En{g). (6) 

For comparison, it is extremely useful to imagine that our equation is formally 
related to the problem where one replaces the upper right submatrix —A by the 
block +A with an opposite sign. The new Hamiltonian becomes Hermitian (and real 
and symmetric) and we derive its current effective HHerm.-eff{E) which differs from 
its VT symmetric predecessor in eq. by the artificial sign-change, 

HHerm.-eff{E) = F - A {G - E I)'' AI 

Besides the Hermitian case, equation (^) may have solely real solutions in a broad 
domain of the coupling strengths in the VT symmetric regime. An elementary 
illustration of such an expectation is provided by the two-by-two matrix with the 
four real matrix elements, 



. 
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This mimics our Schrodinger eq. (^) and the dimension of its effective Hamiltonian 
is one. The exact spectrum 

E = E,,2 = \{f + g±^JU-9?-^ci^) 

proves all real and non-degenerate if and only if2|a| < \ f — g\- This is to be compared 
with the parallel Hermitian illustration the spectrum of which is always real, 

EHerm.-eff = ^ (^f + 9 ± ^ {f - gf + Aa"^^ . 

We may summarize: In contrast to the Hermitian case the complete reality of the 
spectrum of non-Hermitian models is not robust and can be violated by a change 
of the magnitude of matrix elements. The VT symmetry offers a firm guidance of 
our understanding of the stability of the spectrum in terms of the fairly transparent 
selfconsistency condition (^. The frequent occurrence of the VT symmetric models 
with real spectra has been constructively confirmed by the numerous examples which 
are solvable non-numerically, without any recourse to their matrix representation (cf. 
refs. §). 



3 Generalization 

A core of our preceding explanation (why the VT symmetric Hamiltonians (^) can 
have real energies) lies in the demonstration of the Hermiticity of their effective form 
Heffio) (so that all the auxiliary En{g) are real). The Hermitian and non-Hermitian 
alternative mechanisms of breaking the parity mean that we start from a doublet of 
independent even-parity and odd-parity Hamiltonians F and G and couple them in 
Schrodinger equation 



F-EI aA 
At G-EI 




(7) 



where either a = 1 (Hermitian case) or a = — 1 (VT symmetric case). The partition- 
ing need not necessarily be related to the usual parity of the basis. Our argument 
has been entirely general. For example, in the Feshbach's re- interpretation of eq. (^, 
the upper partition of the size dim F represents the more relevant part of the Hilbert 
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space determined by the so called "model space" projector. The lower Feshbach's 
partition is usually treated in less detail. Thus, after we truncate the basis in the 
Hilbert space (say, in a variational setting), we can have very different partitions, 
with m = dimF ^ n = dimC. This is a comparatively easy generalization of the 
VT symmetry but does not seem to exhaust all the possibilities. 



3.1 Partitioning three by three 



The next step of our analysis is based on the triple partitioning of the basis, finite or 
infinite. Let us assume that a, /5, 7 = ±1 and postulate a parallel between the VT 
symmetry and Hermiticity in the triply partitioned equation 

/ F-EI aA (3B \ f f\ 

At G-EI -fC ■ s =0. 
^ 5t Ct Z - EI ) \t J 

The elimination of t = -{Z-Eiy^ (fitf + C^s) gives us the two by two effective 
Schrodinger equation 



F-EI aA 
At G-EI 




{Z-qI)-\B^ Ct) 







where g = E. We intend to guarantee that the effective Hamiltonians H^ffig) 
remain Hermitian. At any g = constant the reality of all the energy roots En{g) of 
the linearized eq. (|^) near g will be guaranteed by this Hermiticity. It is true for the 
diagonal blocks in Heff{g). In order to satisfy also the "off- diagonal" condition, 

a'A' = aA-f3BC\ {A')^ = A^ - C B^ 

we choose a' = a and arrive at the constraint 



aP = 7 



(9) 



and menu 



a 


f3 


7 


+ 


+ 


+ 


+ 


+ 








+ 



(10) 
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which hsts all the available possibilities. The first line represents the Hermitian 
choice. 



3.2 Partitioning four by four 

Let us now preserve the latter rule (||), add the three new variables /i, i/, p = ±1 and 
postulate 



/ F-EI aA (3B fiU \ 

At G-EI 7C uV 

Ct Z-EI pW 

\ W K-EI J 



f 
s 

V t J 



. 



The insertion of T = — {K — E I) ^ (jj'^p + V'^'r + W'^sj reduces the Schrodinger 
equation to a three by three partitioned problem 

Y F-EI aA (3B \ 
At G-EI 7C 
5t Ct Z-EI 



V 

( pU \ {K-giy^ {W yt w^) 
vV 



I 

( p\ 

f 

\ ^ / 



g = E 



In order that the effective Hamiltonians H^fflg) preserve the three by three symmetry 
H = H^, we satisfy the elementary "diagonal" conditions by fixing a' = a, (3' = (3 
and 7' = 7. The three "off- diagonal" constraints 



a(3 = 7, 



ap = z/, 



pp = p, 



-fv = p. 
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lead to the following eight solutions, 




:ii) 



The first line is the Hermitian choice and the fourth line reproduces the result of 
the two by two partitioning. The non-square two by two partitioning gives the lines 
number two and seven. The remaining four items offer the genuine three by three 
structures. Two contain the three minuses and the other two the four ones. 



3.3 Example 

The partitioning of the bases appears in the majority of their (e.g., variational) 
applications. For illustration, let us consider a two-dimensional Hamiltonian 

which is superintegrable [^. As a consequence, its two-dimensional time-independent 
Schrodinger equation allows the separation of variables not only in the cartesian 
system (x, y) G but also in polar coordinates where it degenerates to the Poschl- 
Teller problem in the quadruple-well potential, 

f-y^ + — Y^l ^('^) = ^('^)' ^ (~^' 

\ dip^ cos^ 2ip J 

In the standard Hermitian setting the latter equation decays in the four independent 
and exactly solvable eigenvalue problems with 2(f G {kir, /cvr+vr) and k = —2, —1, 0, 1, 
respectively. The symmetry 

[H, 7^] = 
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of the Hamiltonian with respect to the shift TZ : ^ (p + /2 resembles the parity 
once we put V = 1Z^ . 

Let us now consider a breaking of the Hermiticity of the Hamiltonian. By a 
suitable complex deformation of the coordinate line, (p = ip{t) = t + ie{t), t G (— vr, vr) 
we can avoid the barriers (i.e., poles of the potential which lie at the integer multiples 
of 7r/2) so that a tunneling takes place. Still, the energies need not become complex 
after such a regularization of the potential (cf. the three recent solvable examples in 
0), provided that we restrict our attention to the complexifications which preserve 
the commutativity 

[H, nr\ = 0. (12) 

As long as we have = TV" = 1, our model is not VT symmetric. Having a sample 
bound-state solution and the new symmetry (|12]) we infer that the state TZ\ip) 
lies within the same Hilbert space and satisfies Schrodinger differential equation at 
the identical energy. Superpositions 

l^[M,m,n]^ = (1 + in)\i - ^7^)'(l + 7^)™(l - 7^)"|v) 

such that 

can be expanded in a basis Int^'''"^'"!) with n = 0, 1, . . . and with the superscript 
which marks the symmetry. Due to the Schur's lemma, the Hermitian Hamiltonian 
matrix becomes block-diagonal and is partitioned accordingly. 

Paralleling the two-by-two partitioning of VT symmetric Hamiltonians, we now 
have a freedom of adding interactions compatible with the four by four partitioning 
specified by the four different 7?.— parities. Such complexifications should obey any 
one of the conjugations H = as listed in eq. ([TT|). In the light of what has 
been said before, we may expect a priori that at least a finite number of energies En 
remains real for a number of non-Hermitian interaction terms. 
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4 Recurrences and re-orderings of the basis 



One could construct the further conditions H = based on the partitioning N 
by N with = 5 etc. The construction is recurrent in A^. A key to its efficient 
simphfication exists and hes in a modification of the projection technique. One has 
to re-order the basis states and check how this changes the schemes of the type (PT]). 
The resuh is unexpected since all the complicated multiply partitioned solutions 
prove reducible to the single two by two structure of eq. with the non-equal 
partitioning dimensions in general. The "generic", {m + n) x (m + n)— dimensional 
Schrodinger operator reads 

' G-EI -C 
Ct Z-EI 



with, by assumption, dimG = m, dimZ 
matrix exhibits the same structure, 



n and G = G^, Z = Z^. The i 



inverse 




G'{E) -C'{E) 
{C')He) Z'{E) 

In the mathematical induction step, the dimension increases by one. With a new 
one-dimensional partition added on the top, 

/ F-EI aA j3B \ 

At G-EI -G 
^ Ct Z-EI J 

the effective secular equation is one-dimensional, 

{a A f3B) ( G\E) -G'{E) 
{G')^{E) Z'{E) 

The effective Hamiltonian remains real if and only if 




E. 



a = —(3. 



(13) 



This is the only condition required. We can very easily permute the basis and re- 
derive all the three by three solutions (|TDp as well as all the four by four schemes 
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in eq. ( ]Tl| ) etc. The latter case with m + n = 4 is the first one which gives either 
the square-shaped A with m = n = 2 or the oblong blocks A with dimensions 
3 = max(m, n) > min(m, n) = 1. 

We may conclude that the recurrent picture is consistent. At any partitioning 
by N the number JC of the sub-partitions with the minus sign {a = — 1, . . .) is not 
arbitrary. Our construction admits one and two minus signs in the respective two 
by two and three by three partitioned matrices. At the higher A^ > 3 our choice 
becomes non-unique and we can opt for the non-equivalent generalized "weakly non- 
Hermitian" structures of the Hamiltonian numbered by /C = m ■ n = 1 ■ (A^ — 1) 
or 2 • (A^ — 2) etc. In each case a re-ordering of the basis states transforms the 
Hamiltonian into the canonical two by two structure 

H = H^=\ ^ ^^1, m = dimF, n = dimG . (14) 

with the negative sign attached to the m x n matrix elements in the upper right 
submatrix of the Hamiltonian in Schrodinger eq. (0). 

Once we increase the number of partitions A4 = m + n of the Hamiltonian 
matrix by one, the necessary and sufficient condition (|13D simply adds morn blocks 
of minuses in the upper line of the new partitioned matrix. In the former case 
we can replace the upper-partition dimension m by m + 1 after we permute the 
basis re-shuffling its topmost item to the bottom. In the latter case the two by two 
partitioning is unchanged and we replace n by n + 1. 



5 Summary 

Generically, the models with non-Hermitian Hamiltonians H ^ W possess the com- 
plex eigenvalues and make the evolution non-unitary. This is the reason why their 
so called VT symmetric special cases can be considered as an appealing alternative 
to their Hermitian predecessors. We have seen that there exists a formal connection 
between the Hermitian and VT symmetric form of H . It is based on the similarity be- 
tween their non-linear (so called effective) reductions constructed by the Feshbach's 
projection method |TT|| . 
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We described in detail this intimate relationship (i.e., sign-difference) between 
the respective Hamiltonians as well as effective Hamiltonians (the latter proved Her- 
mitian in both these cases). We emphasized that even in the non-Hermitian, PT 
symmetric case the Schrodinger equation generated many (if not all) energies for a 
"very broad" range of the Hermiticity-violating components of the interaction. 

The latter observation inspired an immediate generalization of the VT symmetry 
to a more general property (|I^. It is characterized by the partitioning dimensions 
m, n and degenerates to the Hermiticity at m = or n = and to the VT symmetry 
at m = n 7^ 0. In all the non-Hermitian cases with m > and n > the left 
eigenvectors are different from the right ones. The validity of the equation 








0. 



G-El 
Z 

implies that 

^ {g.-z) I G-EI -c 
\ Z~EI 

The related "natural" normalization remains indefinite in its sign, 

m m 

E (9,f - E (^fc)' = ±1- (15) 

i=o fc=o 

This can be interpreted as a result of an overlap between the right eigenvector \ip) 
and its new conjugate = {ip\Q. The "metric" Q is a unit matrix with the last m 
diagonal elements replaced by —1. In the VT symmetric special case where m = n 
this operator coincides with the parity V . 

The innovation of the bra vector leads to the modified inner product. It exhibits 
the (pseudo-) orthogonality feature 

{{i^jl^k) = i^jiam = ±5jk (16) 

when computed between the two different eigenstates of H. The alternative inner 
product has been used in many m = n studies of the perturbations of Hermitian 
Hamiltonians (cf. ref. [|12| and, especially. Corollary II. 7. 6 there) as well as in the 



early stages of development of the elementary VT symmetric models (cf. and eq. 
(14) there, or the text after eq. (6) in ref. P). 
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In the present context, the use of the m ^ n "metric" Q leads to a natural 
generalization of the concept of the Hilbert space |T^. The self-overlaps ( [T3| ) [or 



(^) at j = k] can be understood as a pseudo-norm in a space where the time- 
evolution is pseudo-unitary 0. This opens new perspectives and questions (e.g., 
about the possible physical interpretation of the wavefunctions) shared by our present 
generalized formalism with its increasingly popular VT symmetric predecessor |Q. 

Acknowledgement 

Supported by GA AS (Czech Repubhc), grant Nr. A 104 8004. 



12 



References 

[1] Bender C M and Boettcher S 1998 Phys. Rev. Lett. 24 5243; 

Bender C M, Boettcher S and Meisinger P N 1999 J. Math. Phys. 40 2201 

[2] Cahcetti E, Graffi S and Maioh M 1980 Commun. Math. Phys. 75 51; 

Buslaev V and Grecchi V 1993 J. Phys. A: Math. Gen. 26 5541; 

Delabaere E and Pham F 1998 Phys. Lett. A 250 25 and 29; 

Andrianov A A, Cannata F, Dedonder J P and loffe M V 1999 Int. J. Mod. 
Phys. A 14 2675; 

Mezincescu G A 2000 J. Phys. A: Math. Gen. 33 4911; 

Beckers J, Carinena J F, Debergh N and Marmo G 2001 Mod. Phys. Lett. A 16 
91; 

Dorey P, Dunning C and Tateo R 2001 Supersymmetry and the spontaneous 
breakdown of PT symmetry, arXiv: [hep-th/0104119| 



[3] Znojil M 2001 Conservation of pseudo-norm in PT-symmetric quantum mechan- 
ics, arXiv: |math-ph /0 1 040 12| , submitted to J. Math. Phys. 



[4] Japaridze G S 2001 Space of state vectors in VT symmetric quantum mechanics, 
arXiv: |quant-ph/0104077| ; 

Kretschmer R and Szymanowski L 2001 The interpretation of quantum- 
mechanical models with non-Hermitian Hamiltonians and real spectra, arXiv: 



quant-ph/0 105054 . 



[5] Cannata F, Junker G and Trost J 1998 Phys. Lett. A 246 219; 
Znojil M 1999 Phys. Lett. A. 259 220 
Khare A and Mandal B P 2000 Phys. Lett. A 272 53; 
Bagchi B and Roychoudhury R 2000 J. Phys. A: Math. Gen. 33 LI; 
Bagchi B, Cannata F and Quesne C 2000 Phys. Lett. A 269 79; 
Znojil M 2000 J. Phys. A: Math. Gen. 33 L61 and 4203 and 4561 and 6825; 



13 



Levai G and Znojil M 2000 J. Phys. A: Math. Gen. 33 7165 

Znojil M 2001 "PT symmetric square well", Phys. Lett. A, to appear, 

Bagchi B, Mallik S and Quesne C 2001 Complexified PSUSY and SSUSY in- 
terpretations of some PT-symmetric Hamiltonians possessing two series of real 
energy eigenvalues, arXiv: |quant-ph/0 106021 . 



[6] Znojil M and Tater M 2001 J. Phys. A: Math. Gen. 34 1793; 
Znojil M and Tater M 2001 Phys. Lett. A 284 (2001) 225; 
Basu-Mallick B and Mandal B P Phys. Lett. A 284 (2001) 231 

[7] Alvarez G 1995 J. Phys. A: Math. Gen. 27 4589. 

[8] Fernandez F, Guardiola R, Ros J and Znojil M 1998 J. Phys. A: Math. Gen. 31 
10105 

[9] Fris J, Mandrosov V, Smorodinsky Ya A, Uhlif M and Winternitz P 1965 Phys. 
Lett. 16 354; 

Winternitz P, Smorodinsky Ya A, Uhh'f M and Fris J 1967 Sov. J. Nucl. Phys. 

4 444; 

Kalnins E G, Miller Jr W and Pogosyan G S 2000 J. Phys. A: Math. Gen. 33 
4105; 

Sheftel M B, Tempesta P and Winternitz P 2001 J. Math. Phys., to appear; 

Tempesta P, Turbiner A V and Winternitz P 2000 Exact solvability of superin- 
tegrable systems, |hep-th/0011209| , submitted 



[10] lokhvidov I S, Krein M G and Langer H 1982 Introduction to the spectral theory 
of operators in spaces with indefinite metrics (Berlin: Academic Verlag). 

[11] Feshbach H 1958 Ann. Phys. (N.Y.) 5 357 

[12] Simon B 1970 Ann. Phys. (NY) 58 76 



14 



